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1. Introduction 

I. M. Isaacs 2 has conjectured that if the product of two faithful irreducible characters of 
a solvable group is irreducible, then the group is cyclic. In this note we discuss the following 
conjecture, which generalizes Isaacs conjecture. 

Conjecture A. Suppose that G is solvable and that ipjip £ Irr(G) are faithful. If V'V = nT'X where 
m is a positive integer and x £ Irr(G) then and ip are fully ramified with respect to Z(G). 

Other ways to state the conclusion of this conjecture are that (fjip and x vanish on G — Z(G) 
or that ip{l) = V'(l) = = 1^ : Z{G)\^/^ (by Problem 6.3 of 0). In particular, if m = 1, these 
equalities yield ip{l) = 1 and since it is faithful, we deduce that G is cyclic. So Conjecture A is 
indeed a strong form of Isaacs conjecture. 

Among other results, Isaacs proved that a counterexample to his conjecture has Fitting height 
at least 4 (see Theorem A of We can prove Conjecture A for nilpotent groups. 

Theorem B. Conjecture A holds for p-groups. 

Using Theorem B we can prove Conjecture A for p-special characters (see ^ for their definition 
and basic properties). 

Theorem C. Let G be a p-solvable group and suppose that the product of two faithful p-specisd 
characters is a multiple of a p-special character. Then G is a p-group. 

Theorem C is an easy consequence of the following elementary, but perhaps surprising, result. 

Theorem D. Let be a faithful character of a finite group G and assume that ip £ Irr(G). Write 
ipip = mA, where A is a character of G. If A(l) < ip{l), then all three ^p,^p and A vanish on 
G — Z(G). If in addition, (p is irreducible, then 93(1) = ^(1) = ^(1)- 

Observe that Theorem D proves Conjecture A in the case that is larger than at least 
one of (/5(1) and 

We thank E. C. Dade and I. M. Isaacs for many useful conversations. We also thank the referee 
for pointing out Lemma 3.1 to us, and thus making the proof of Theorem D much easier than our 
original one. The work of the third author was done while he was visiting the universities of Crete 
and Wisconsin, Madison. He thanks both Departments for their hospitality. 

2. Proof of Theorem B 

We begin work toward a proof of Theorem B. We need two elementary lemmas. 

Lemma 2.1. Let x G Irr(G), where G is a p-group. Suppose Z C Y <] G, where Z <\ G and 
\Y : Z\ = p. If Z CI 7i(x) ^'^^ ^ ^ Z(x), then x vanishes onY — Z. 

Proof. Let A be the unique (linear) irreducible constituent of xz- Then every irreducible con- 
stituent of xy is an extension of A, and in particular is linear. Because Y ^ Z(x), the number 
of distinct linear constituents of xy is a power of p exceeding 1, and so is at least p. It follows 
that the irreducible constituents of xy are all of the extensions of A, and they all occur with equal 
multiplicity, as Y < G. Since the sum of these extensions is A^, that sum vanishes on Y — Z and 
the result follows. □ 
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Lemma 2.2. Let e and 6 be pth roots of unity, where p is an odd prime. If 6 ^ 1, then 



i=Q 



Proof. Write e = 6^, where < k < p. Then the zth term of the sum is (^'i=«+«(«-i)/2^ Since p ^ 2, 
we can write this in the form (5"* for suitable integer constants a and b, where 1 < a < p and 
< b < p. Let T = 6'^. The ith term of our sum is then r* for some constant c. If we multiply 
the sum by r"^ , the ith term becomes r^*"^"^-* . Since i + c runs over the same set of values (mod p) 
as i, we can rewrite our sum as ^ r* . This is the well known Gauss sum, with absolute value ^/p 
(see, for instance, p. 84 of H]). □ 



The next result is Theorem B. 

Theorem 2.3. Assume that G is a finite p-group, for some prime p. Assume further that ip and 
ip are faithful irreducible characters of G whose product is a multiple of an irreducible character. 
Then ip and ip vanish on G — Z(G). 



Proof. Let ipip = mx, for some positive integer m and an irreducible character x of G. We argue 
by induction on \G\. So assume that G is a minimal counterexample. Clearly G is not abelian. So 
the center Z(G) of G is a cyclic proper subgroup of G, since G has a faithful irreducible character 
(p. 

Step 1. G has an elementary abelian normal subgroup of order p^. 

Assume that every normal abelian subgroup of G is cyclic. Then 4.3 of [S] yields that G is 
dihedral or semidihedral of order > 16 or (generalized) quaternion. If G = Qs, the result is clear. 
Thus, we may assume that |G| > 16. Since ip and V' lie over the unique non-principal irreducible 
character of Z(G), x lies over lz(G)- Also, it is clear that p{l) = = 2 and they vanish on 
G - G'. It follows that x is not linear, i.e, x(l) = 2 and m = 2. Pick x G Z2(G) - Z(G). We have 
that 

4 = 2|x(x)| = |(^(x)||V'(x)| <4, 
because x G Z(x) but x 'Zi{ip). This contradiction proves Step 1. 

We fix an elementary abelian normal subgroup A of G of order p^. Then Z = ^ n Z(G) is the 
cyclic group r2i(Z(G)) of order p. Furthermore A = K x Z , for some subgroup of G of order p. 
Put G = CciA) = Cg{K). Note that |G : G| = p. 

Step 2. PC and V'c are reducible and each has a unique irreducible constituent with kernel con- 
taining K. 

The center Z(G) certainly contains A and thus is not cyclic. Hence G has no irreducible faithful 
character. Therefore ipc and V'c reduce. Because G has index p in G, both ipc and V'c equal 
the sum of p distinct irreducible constituents that form a single G-orbit. Let ipi be an irreducible 
constituent of ^pc- Note that A n Kerc^i is nontrivial since A C Z(G) and A is noncyclic. Also, 
this intersection does not contain Z since Z <\ G and ip is faithful. It follows that A n Ker ipi is 
one of the p subgroups of order p va. A other than Z, and we note that these subgroups form a 
G-conjugacy class. We can thus replace ipi by a G-conjugate and assume that K = Ar\ Ker 931. 
Similarly, ipc is reducible and has an irreducible constituent, say with kernel containing K. 
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Since K = A D Kenpi and K has p distinct conjugates in G, it follows that the subgroups 
A n Kei ifi are distinct as ifi runs over the p irreducible constituents of cpc- This establishes the 
uniqueness for ipi and a similar argument works for 

We now fix irreducible constituents and -01 of (pc and ipc respectively, such that K C Ker ipi 
and K C Keripi. 

Step 3. if and ^^J vanish on G — C and x is faithful. Also, xc is reducible and (piipi = im/p)xi, 
where xi is the unique irreducible constituent of xc with kernel containing K. 

According to Clifford's theorem, ip = iff and = tpf, and thus if, ifj vanish on G — C Hence x 
vanishes on G — C. It follows that xc is reducible, and thus is the sum of p distinct irreducible con- 
stituents. Since K is in the kernel of both ipi and •i/'i) we see that (/^iV'i is a sum (with multiplicities) 
of irreducible constituents of xc having K in their kernel. 

Let be an irreducible constituent of ipc different from tjji. Then K is not in the kernel of 
'02) and so it is not in the kernel of It follows that K is in the kernel of some irreducible 

constituent xi of Xc but K is not in the kernel of all of the conjugates of xi- 

If Z CI Kerx then A = ZK C Kerxi, and since A <i G, we see that A is contained in the kernel 
of every irreducible constituent of xc which is not the case. Thus Z cj_ Ker^. This, along with 
the fact that Z(G) is cyclic, implies that x is faithful. 

Therefore, the same argument we gave in Step 2 for (/?, implies that xi is the unique irreducible 
constituent of xc with kernel containing K. It follows that 'Px'^^x = rniXi for some integer mi. 
Comparison of degrees yields {if{l)/p){ip{l)/p) = mi{x{l)/p)- Since (p{l)ip{l) = mx(l), we deduce 
that TTT-i = m/p. 

Step 4. p / 2. 

Otherwise \Z\ = 2 and Z has a unique nonprincipal irreducible character. In this case, both (p 
and ■0 lie above this nonprincipal character. Hence Z C Kenpip. Then Z C Kerx, which is not the 
case. 

Let V/K = Z{G/K) and write Y = AZ{G). Note that y < G and that Y C Z(C) C V. 
Step 5. V >Y. 

Note that Y = KZ{G) and assume that V = KZ{G). Let Ki = Kenpi. If Ki > K, then 
(Ki/K) n Z{C/K) > 1, and thus Ki nKZ{G) = KiHY > K. It follows that ivTi n Z(G) > 1, and 
thus Z C ivTi as Z{G) is cyclic. This is not the case, however, since Z ^ Ker 931. We conclude that 
Ki = K. 

Similarly we show that Ker^/^i = K. Hence 991, tpi are inflated from unique faithful characters 
(pi and V^i, respectively of the factor group G/K. In addition, xi is also inflated from a unique 
character xi of C /K and satisfies (pitjji = mixi- By the minimality of G, we conclude that ipi and 
ipi vanish on C — Y . 

In this situation, where 1/ = y, we see that Y <\ G, and thus all irreducible constituents of ipc 
vanish on G — Y . We conclude that ip vanishes on G — F. But \Y : Z(G)| = p and Y cj_ Z[ip). By 
Lemma I2. 11 therefore, ip vanishes onY — Z(G), and hence on G — Z(G). Similarly, ip vanishes on 
G — Z(G), and this is a contradiction since G is a counterexample. 
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Step 6. Z(C) > Y. 

Certainly, Y = AZ{G) C Z(C) and we suppose that equality occurs. Since V > Y, we can 
choose a subgroup U such that y C [/ C y and \U -.Yl = p. We have 1 < [C, U] C [C, V] C K, and 
thus [C, U] = K. In particular, we see that U C Zi{ipi) and so all values of ipi on U are nonzero. 

Now let be any irreducible constituent of Lpc other than cpi. We argue U ^ Z((/?2) since 
otherwise, K = [C, U] C Ker 992; which is not the case. But Y C Z(C), and |f7 : y| = p, so Lemma 
12.11 implies that (p2 vanishes on U — Y. Since ip2 is an arbitrary constituent of tpc other than ipi, 
it follows that if u £ U — Y, then 

p 

"fiu) = ^95i(n) = (pi{u) / 0. 
1=1 

Similarly, tp{u) = Tpi{u) ^ and also xiu) = Xi('w) 7^ 0- We now have 

mxiiu) = mx{u) = ip{u)Tp{u) = ipi{u)Tpi{u) = {m/p)xi{u) 
and this is a contradiction. 

We choose W <\ G with Y QW Q Z(C) and : y| = p. We also fix elements g G G — C and 
w £ W — Y and we write [w, g] = a and [a, g] = z. Then we can show 

Step 7. a£ A, Ij^ z e Z andwS' = wa' z^^^-^'^l'^ . 

Since \W ■.Y\= p, we have W/Y C Z{G/Y), and thus [W,G] < Y. Hence a = [w,g] is an 
element of Y and thus S Z(G). Also, \Y : Z(G)| = p, and similarly we get z E Z(G). Then 
aP = {aPy = {az)P = aPz^. We conclude that z^Z = Oi(Z(G)). 

Because = wa and = az we can easily calculate that w^"^ = wa*z**^*^^)/^ for integers i with 
1 < i < p. Note that g^ £ C while w £ W < 'Zi{C). So = w. Also, since p ^ 2 and = 1, we 
see that = 1. It follows that w = w^" = waP and so = 1. Since a£Y and ^ = ili(y), 

we have a £ A, as wanted. 

Finally, we must show that a 7^ 1 and z ^ 1. If a = 1 then w £ 'Z{C) is centralized by g, and 
thus w £ Z(G) contradicting the way w was picked. Also if z = 1, then g centralizes a £ 'Zi{C), 
and thus a £ Z(G). Hence a £ An Z(G) = Z. Note that since A is not central in G we have 
1 < [A, G] < G. It follows that [A, G] = Z and thus [Y, G] = Z. Hence [W,g] C Z since W = Y{w). 
But is abelian, and it follows that \W : Cwig)\ ^ \Z\ = p- This is a contradiction, however 
since Cwid) = Z(G) has index in W. 

Step 8. We have a contradiction. 

Since TV C Z(C), there exists a linear character a £ Lin(iy) such that {(pi)w = 
Furthermore, as A C ly we can write a (a) = e and a{z) = 5, where e and 5 are pth roots of unity 
and 5 7^ 1 since z ^ 1 and (/? is faithful. We see now that 

p-i p-i 

ifiw) = Y,Mw'^) = ^MiMwMa'Mz'('-'y^) = ifiHA, 

i=0 i=0 

where A = X^f^g e'^*^*""*^^^^- By Lemma 12.21 therefore, we have \A\ = y/p. We also have similar 
formulas tpi^w) = ipi{'w)B and x(^) = Xii'w)D, where \B\ = \D\ = Also Xi('W^) 7^ since 
w £ Z(C). 
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We have 

mxi{w)D = mx{w) = ip{w)ip{w) = ipi{w)ipi{w)AB = {m/p)xi{w)AB , 

and thus AB = pD. But this is not consistent with |yl| = \B\ = \D\ = ^Jp^ and the proof is 
complete. □ 



3. Proof of Theorems C and D 



In order to prove Theorem D, we need the following lemma. 

Lemma 3.1. Let i^tp = mA, where A(l) < where is an irreducible character of G. Then 

(a) A is irreducible. 

(b) m = m- 

(c) if and both vanish on G — 'Zi{ip). 



Proof. We have m > (p{l). If <f{x) = then A(x) = 0. Otherwise, 

, , , , , ml A(x)| (p(l) , . , , , , . . s , 
\<f{x)\ \<f{x)\ 

Therefore in all cases we get |'0(2;)| > |A(x)|. So 1 = > [A, A]. Because A is a character, we 

have equality everywhere. Therefore |A(j;)| = for all x £ G. Hence (a) and (b) follow. 

If (p{x) / then = and therefore x £ 2(99). Hence for every x £ G — Z{ip) we 

have fix) = 0, and thus A{x) = 0. Because = |A(a;)| for all x, we also get ijj{x) = 0, for 

X £ G — 'Zi{lp). This proves (c). □ 



Proof of Theorem D. If (p is faithful , then 2(93) C Z(G). According to the above lemma, the 
irreducible character vanishes outside the Z ((/?). Therefore, Z((/j) = Z(G). In addition, the above 
lemma implies that all three ip , ip and A vanish on G — Z(G). Hence Theorem D follows. □ 



Theorem C is an immediate consequence of the following result. 

Theorem 3.2. Let G be a finite group and suppose that 99, ^ G Irr(G) are faithful and ipip = mx 
with X £ Irr(G). Let P be a p-Sylow subgroup of G for some prime p. If (pp^tpp and xp O'TC 
irreducible then G is nilpotent. 



Proof. Assume that all three restrictions to P are irreducible. We can apply Theorem B and deduce 
that = '/'(I) = V'(l)- Furthermore, because they restrict irreducibly to P, their degrees are 
p-numbers. By Theorem D, (since x(l) ^ V'(l))) we have that x vanishes on G — Z(G). On the 
other hand, since the degree of the irreducible character x is not divisible by any prime q ^ p, X 
never vanishes on any element of order a power of q (see Lemma 2.1 in 0). Hence Q C Z(G), for 
any g-Sylow subgroup Q of G, with qi^ p. This is enough to prove the theorem. □ 



Finally, we complete the proof of Theorem C. 



Proof of Theorem C. Note that the restriction of p-special characters to a Sylow p-subgroup is 
irreducible (see ^). Hence Theorem 13. 21 implies that G is nilpotent. But G has a faithful j3-special 
character, therefore it has to be a p-group. □ 
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